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Background & motivation 
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• Consider the association of BMI with age (NHANES data)

• How to separate systematic from unsystematic variation?

• Linear model probably a poor smoother



More smoothers…
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(linear)

(cubic)

(order 2)



Which method(s) should we use?
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• Many methods available for estimating non-linear associations (fractional

polynomials, different types of splines,…) 

• Which method(s) should we use in which situation?

• Simulation studies which systematically compare methods can help to provide

guidance

Suppose we want to perform such a simulation study… 



A simulation study to compare methods?
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• Aim: to compare the performance of different methods for non-linear modeling

• Data-generating mechanism: sample values 𝑥𝑖 from 𝐹𝑋 (here 𝑋 = age), 𝑦𝑖 = 𝑓 𝑥𝑖 + 𝜀𝑖

• Estimand: ground truth curve
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ADEMP: Morris et al, StatMed 2019

true curve 𝑓



A simulation study to compare methods?
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• Methods:
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• Methods:
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• Methods:
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• Methods:
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true curve 𝑓

estimate መ𝑓

• Performance measures: compare estimated with true curve
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• Performance measures:
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• Performance measures:
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• Performance measures:

Region of interest: 5th to 95th percentile of 𝐹𝑋

Region of interest: 1st to 99th percentile of 𝐹𝑋
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• Performance measures:

Absolute loss

Quadratic loss
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• Performance measures:

function

first derivative



A simulation study to compare methods?
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• Performance measures:

Integral weighted with precision

Integral over distribution of 𝑋
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• Performance measures:

Region of interest Loss Functional characteristic Aggregation×× × × …



A simulation study to compare methods?
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• Performance measures:

Region of interest Loss Functional characteristic Aggregation×× × × …



Goals of our project
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• To provide a comprehensive characterization of performance measures to be used 

in methods comparison studies

• Define aspects of such measures

• Suggest sensible combinations of choices for each of the aspects

• To demonstrate with simple illustrative examples… 

• … how the resulting performance measures behave

• … that different performance measures capture different aspects of behavior



Article
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The aspects of the categorization:
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• Localization: Where are we looking at?

• The whole range of values (global)

• A subrange (region)

• A single value (point) 

Distribution 

of 𝑋



The aspects of the categorization:
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• Functional characteristic:

• The function itself

• First derivative

• Second derivative

𝑓

𝑓′

𝑓′′



The aspects of the categorization:
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• Type of loss:

• Difference: 𝑚 𝑥 = መ𝑓 𝑥 − 𝑓 𝑥

• Absolute difference: 𝑚 𝑥 = | መ𝑓 𝑥 − 𝑓 𝑥 |

• Quadratic difference: 𝑚 𝑥 = መ𝑓 𝑥 − 𝑓 𝑥
2

• 𝜖-level accuracy: 𝑚(𝑥) = 𝕀 መ𝑓 𝑥 − 𝑓(𝑥) ≤ 𝜖



If we consider a range:
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• Axis of aggregation:

• 𝑌

• Integration over ⅆ𝑥: ∫𝑚 𝑥 ⅆ𝑥

• Integration over ⅆ𝐹𝑋 (=expected value): ∫𝑚 𝑥 ⅆ𝐹𝑋(𝑥)

• Maximum max
𝑥

𝑚(𝑥)

• Minimum min
𝑥

𝑚(𝑥)

• …

• 𝑋

• Location of maximum/minimum

• Number of roots

Distribution 

of 𝑋



Combining these aspects
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= ∫0
1 መ𝑓 𝑥 − 𝑓 𝑥 ⅆ𝑥

“mean deviation”



Combining these aspects
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= ∫0
1 መ𝑓 𝑥 − 𝑓(𝑥) ⅆ𝑥

“mean absolute deviation”



Combining these aspects
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= ∫0
1 መ𝑓 𝑥 − 𝑓 𝑥

2
ⅆ𝐹𝑋(𝑥)

“expected (over 𝐹𝑋) squared deviation”



Combining these aspects

CFE-CMStatistics 2025

Theresa Ullmann

29

= 𝕀 መ𝑓 0.75 − 𝑓 0.75 ≤ 0.05

“within 𝑓 𝑥 ± 0.05 at 𝑥 = 0.75”



Combining these aspects
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=∫𝐹𝑋
−1(0.05)

𝐹𝑋
−1(0.95) መ𝑓′′ 𝑥 − 𝑓′′ 𝑥

2

ⅆ𝑥

“wiggliness”



Combining these aspects
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𝑥
መ𝑓,𝑚𝑎𝑥 − 𝑥𝑓,𝑚𝑎𝑥

“Deviation of location of (global) maximum”:

true curve 𝑓

estimate መ𝑓

𝑥
መ𝑓,𝑚𝑎𝑥 𝑥𝑓,𝑚𝑎𝑥



Does a single measure suffice?
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Q: Why should we consider multiple performance measures?

A: Different measures capture distinct properties of estimated curves, 

and may therefore rank estimates in different ways!



Some examples
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• In these examples, we consider

𝑋 distributed as Beta(2,2)

• In some examples, we will 

nevertheless perform the

integration over ⅆ𝑥

• In others, we will integrate over ⅆ𝐹𝑋
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Density of 𝑋



Aggregation over simulated data sets
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• Our performance measures summarize the quality of the fitted line

in 1 simulated data set

• The analyst still has to decide whether…

• … the expected value of the performance measure,

• the variance of the performance measure,

• or another population quantity (e.g., median, p
th

quantile etc.)

… is of interest. 



Applications and extensions of the categorization
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• Univariable models: unadjusted association

• Models where the association of interest is adjusted for a (fixed) set of adjustment 

variables 

• Extension: 

• Multivariable non-linear effects of the form 𝑓 𝑋1, 𝑋2 : evaluate performance over a 

two-dimensional grid on 𝑋1, 𝑋2



Outlook: our next project
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• Simulation study for comparing different methods for non-linear modeling in the 

“univariable” case

• E.g. fractional polynomials, p-splines… 

• Demonstrate how to choose a suitable set of performance measures



How to choose a suitable set of performance measures?  
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228

performance measures

According to our categorization, there are… 

If we consider one option for the type of aggregation = 

“quantile with respect to 𝐹𝑋” (e.g., the median) and two options 

for the scope of aggregation (𝒳 and 5%-95% quantile of 𝐹𝑋), 

and a single point for measures with localization = “point”

How to choose a smaller set of performance measures for a simulation study?

→Select those that capture different features (see previous examples!)

→Can we automate this?
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